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Abstract: We find a family of complete non-linear Kaluza-Klein reduction ansätze from
type IIB supergravity to Romans’ 6D F (4) gauged supergravity in the bosonic sector. The
reduction is over a sphere S2 and a Riemann surface Σ, and depends on a pair of arbitrary
locally holomorphic functions A± on Σ. This family of reductions is inspired by the recent
construction of 1/2 BPS supersymmetric warped AdS6 solutions of IIB supergravity that
depend on these same functions A±.
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1 Introduction
Supergravity solutions of the form AdSd × Sn have long been known, and have particular
importance in the context of AdS/CFT. Perhaps the most familiar cases are those associ-
ated with the near-horizon geometry of M2, D3 and M5 branes. In contrast, the case of
AdS6/CFT5 has been less well explored, in part because it does not admit a single brane in-
terpretation. Nevertheless, there has been a recent resurgence of interest in this case, driven
both on the field theory and the gravity sides of the duality. In contrast with the more
familiar cases, holography in this dimension is interesting as there are no maximally super-
symmetric 5D SCFTs (with 16 Poincaré supercharges and 16 superconformal supercharges).
In particular, the maximal possible amount of supersymmetry in 5D is 8+8 supercharges
[1]. The superconformal algebra in 5D is then based on the Lie superalgebra F (4) with
maximal bosonic subalgebra SO(2, 5)×SO(3) [2]. The natural six-dimensional dual is then
F (4) gauged supergravity which is a non-chiral theory with 16 real supercharges [3].
Of course, a string theory realization of AdS6/CFT5 starts not in six dimensions,
but rather with 10 or 11 dimensional supergravity (in its low-energy limit) compactified to
AdS6 times some internal manifold. Such backgrounds can preserve at most half of the total
supersymmetries [4], in accordance with the CFT5 picture. Until recently, string theory
realizations of such AdS6 duals have been hard to come by, with the prime example being
a construction of stacks of D4-branes, D8-branes, and O8-planes in type IIA string theory
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[5–8]. The presence of D8-branes means that the supergravity background is obtained in
the massive IIA theory.
In type IIB, (p, q) five-brane webs [9, 10] with D7-branes added [11] can realize large
classes of 5D SCFTs. The holographic dual of these five-brane webs corresponds to su-
persymmetric AdS6 solutions of IIB supergravity. The Killing spinor equations for this
system were investigated in [12, 13] and reduced to a pair of coupled PDEs, and a complete
family of local solutions was constructed in [14–16]. The local AdS6 solutions were found
by studying the IIB Killing spinor equations, which led to a family of solutions of the form
AdS6 × S2 warped over a Riemann surface Σ; remarkably, these solutions are completely
determined by a pair of holomorphic functions A± on Σ which can be chosen freely up to
global regularity conditions.
More generally, the AdS6 solutions of [14] ought to be viewed as vacuum solutions of
six-dimensional F (4) gauged supergravity obtained by reducing ten-dimensional IIB super-
gravity on S2×Σ. Curiously, the existence of a whole family of solutions suggests that the
lifting of F (4) gauged supergravity to ten dimensions is far from unique. This is in contrast
to the 32 supercharge cases such as gauged N = 8 supergravity in five-dimensions, which
has a unique lift to IIB supergravity on S5. Before this family of IIB vacua was discovered,
a full non-linear Kaluza-Klein reduction of massive IIA supergravity to F (4) gauged super-
gravity on (one hemisphere of) S4 was obtained in [17]. This was subsequently dualized to
a IIB reduction in [18] using non-abelian T-duality. In particular, the IIA reduction ansatz
of [17] was based on AdS6 times a squashed S4 foliated by 3-spheres, with the SU(2) R-
symmetry corresponding to the gauging of SU(2)L inside the SO(4) ' SU(2)L × SU(2)R
isometry of S3. Non-abelian T-dualizing then gives rise to a IIB reduction where the S4 is
replaced by S2×Σ, with the R-symmetry now corresponding to the SO(3) isometry of S2.
However, this procedure gives rise to only a single background, first obtained in [19], and
not the entire family of solutions constructed in [14].
In this paper, we present a complete family of consistent truncations of IIB supergravity
to F (4) gauged supergravity parametrized by the same holomorphic functions A± of [14].
This generalizes the family of AdS6 vacua into complete reduction ansätze, in agreement
with the conjecture that any supersymmetric vacuum solution can be extended to a con-
sistent truncation incorporating the full lower-dimensional supergravity multiplet [20, 21].
(General half-maximal consistent truncations were recently considered in the framework
of exceptional field theory in [22].) The non-linear reduction to F (4) gauged supergravity
was inspired by the construction of [18], but is in fact much more general. Naturally, it
incorporates the reduction ansatz of [18] as a special case, and we give the explicit functions
A± necessary to recover the results of [18] in section 4.
The rest of the paper is structured as follows. In section 2, we review the basics
of 10D type IIB supergravity, and briefly discuss the 1/2 BPS AdS6 × S2 × Σ solutions
of [14] that depend on the pair of holomorphic functions A± on Σ. Then, in section 3,
we discuss Romans’ 6D F (4) gauged supergravity and give our full non-linear reduction
ansatz, which also depends on the holomorphic functions A±. Finally, in section 4, we
discuss how our ansatz reduces to previous results in the literature in special cases, and the
connection to AdS6/CFT5 holography. The appendices discuss our conventions for indices
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and coordinates on the various manifolds we consider (appendix A), the relation between
different conventions for IIB supergravity (appendix B), and more details of checking the
equations of motion on our ansatz (appendix C).
Main result: Our main result is the full non-linear Kaluza-Klein reduction ansatz given
in section 3.2 in (3.7)-(3.10). On this ansatz, the 10D type IIB supergravity equations of
motion (2.3) are equivalent to the 6D F (4) gauged supergravity equations of motion (3.3).
The reduction ansatz depends on a pair of unrestricted holomorphic functions A± on the
Riemann surface Σ.
Note added: After this work appeared on the arXiv, the work [23] was released, which
also constructs the consistent truncation to F (4) gauged supergravity.
2 IIB supergravity and warped AdS6 × S2 × Σ vacua
Before presenting the non-linear Kaluza-Klein ansatz, we quickly review the equations of
motion of IIB supergravity and the family of supersymmetric AdS6 solutions of [14]. This
sets up our conventions and lays the groundwork for the reduction.
2.1 Type IIB supergravity
Type IIB supergravity is a chiral theory with 32 real supercharges. Because of the self-dual
five-form, it does not admit a covariant Lagrangian formulation (although one can come
close). Of course, for presenting the consistent truncation, we only need the equations of
motion, which we give in the SU(1, 1) formulation [24, 25].
The bosonic fields consist of the Einstein frame metric gMN , a complex scalar with
kinetic term P1 and composite connection Q1, a complex three-form field strength G3 and
a self-dual five-form F5 = ∗F5. From a stringy point of view, the one-forms P and Q
are related to the dilaton and RR axion, while G3 contains both NSNS and RR (real)
three-forms. The exact map is spelled out in appendix B.
The IIB supergravity fields satisfy the Bianchi identities:
dP = 2iQ ∧ P, (2.1a)
dQ = −iP ∧ P , (2.1b)
dG3 = iQ ∧G3 − P ∧G3. (2.1c)
These are automatically satisfied if we introduce a complex scalar B and a complex two
form C2 as:
P = (1− |B|2)−1dB, (2.2a)
Q = (1− |B|2)−1 Im[BdB], (2.2b)
G3 = (1− |B|2)− 12 (dC2 −BdC2). (2.2c)
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The equations of motion are:
(d− 2iQ) ∧ ∗P = −1
4
G3 ∧ ∗G3, (2.3a)
(d− iQ) ∧ ∗G3 = P ∧ ∗G3 − 4iG3 ∧ ∗F5, (2.3b)
d ∗ F5 = i
8
G3 ∧G3, (2.3c)
along with the Einstein equation
RIJ = PIP J + P IPJ +
1
6
FIKLMNF
KLMN
J
+
1
8
(
GIKLG
KL
J +GIKLG
KL
J
)
− 1
48
gIJGKLMG
KLM
. (2.4)
Note that the five-form equation can equally well be viewed as a Bianchi identity, dF5 =
i
8G3 ∧G3, which may be solved by taking F5 = dC4 + i8 Im[C2 ∧dC2]. However, as in other
IIB reductions, it is more convenient to make the ansatz on the field strength, and not the
potential, in which case the equation of motion (2.3c) will need to be verified.
2.2 A family of warped AdS6 solutions
A large family of 1/2 BPS solutions to IIB supergravity of the form AdS6 × S2 warped
over a 2D Riemann surface Σ (with complex coordinates z, z¯) were found by a detailed
analysis of the IIB supersymmetry equations in [14]. These solutions are (locally) completely
determined by a pair of holomorphic functions A±(z) on the Riemann surface. Remarkably,
there is no restriction on the pair of holomorphic functions in order to obtain a local
supersymmetric solution.1 To obtain a well-behaved global solution, considerably more
care is needed: A± are allowed to be multi-valued as holomorphic sections of a holomorphic
bundle over Σ with structure group contained in SU(1, 1) × C; the boundaries and other
global properties of Σ are important in constructing such solutions [14–16, 27]. There has
been much interest in these global solutions and interpreting them as near-horizon limits
of (p, q) 5-brane webs with additional 7-branes in the web [15, 16, 27–29]. (See also section
4.1 for more discussion regarding the holographic duals of these solutions.)
Here we briefly summarize the solutions of [14]. The starting point is a pair of holomor-
phic functions A±(z), from which we may define a holomorphic function B whose derivative
is given by (using obvious notation ∂ = ∂z):
∂zB = A+∂A− −A−∂A+. (2.5)
Of the undetermined integration constant in B, only the real part is relevant. From A±
and B, we define
κ± = ∂A±, κ2 = −|κ+|2 + |κ−|2, (2.6)
along with
G = |A+|2 − |A−|2 + B + B¯. (2.7)
1A different but presumably equivalent classification of these AdS6 solutions was found in [26]. These
solutions were given in terms of solutions to the spherically symmetric cylindrical Laplace equation instead
of holomorphic functions.
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Note that κ2 = −∂∂¯G. We also find it useful to introduce
Y = κ
2G
|∂G|2 , Cˆ =
κ+∂¯G + κ¯−∂G
κ2
. (2.8)
The supersymmetric AdS6 vacua of [14] are then given by the metric
ds2 = f26ds
2
AdS6 + f
2
2ds
2
S2 + 4ρ
2dzdz¯, (2.9)
with metric functions
f26 =
c26
ρ2
κ2
√
D˜, f22 =
c26
9ρ2
κ2√
D˜
, ρ4 =
c26
6
κ4
√
D˜
G , (2.10)
and matter fields
B =
(A+ − A¯−)− Cˆ/
√
D˜
(A¯+ −A−) + ¯ˆC/
√
D˜
, (2.11a)
C2 =
2ic6
9
[
Cˆ
D˜ − 3(A¯− +A+)
]
vol(S2), (2.11b)
F5 = 0, (2.11c)
Here c6 is a non-vanishing constant, and we have furthermore introduced the recurring
factor
D˜ = 1 + 2
3Y , (2.12)
which will play an important role in the generalization to the full KK reduction below.
Finally, note that there are in fact two branches of solutions, the first with
κ2 ≥ 0, G ≥ 0, (2.13)
and the second with both quantities non-positive. (These two branches of solutions are
mapped into each other by complex conjugation [14].) Of course, the metric functions f22 ,
f26 and ρ2 must all be positive. This will be the case provided we take the positive square-
root (
√
D˜ > 0) on the first branch and the negative square-root (
√
D˜ < 0) on the second
branch.
3 6D Supergravity and the reduction ansatz
The existence of a family of AdS6 solutions suggests the possibility of a complete non-linear
Kaluza-Klein reduction of IIB supergravity to six-dimensional F (4) gauged supergravity.
Here we first present a brief overview of the six-dimensional theory, and then turn to the
full reduction ansatz generalizing the vacuum solution discussed above in section 2.2.
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3.1 F (4) gauged supergravity
Romans’ six-dimensional F (4) gauged supergravity [3] is a non-chiral theory with 16 real
supercharges. The bosonic fields consist of a metric g˜µν , a real scalar φ˜, an Abelian two-
form F˜2 and three-form F˜3, and three SU(2) gauge two-forms F˜ i. The bosonic Lagrangian
may be written in a form notation [3, 17] as
L = R ∗6 1− 4∗6dX ∧ dX
X2
− g˜2
(
2
9
X−6 − 8
3
X−2 − 2X2
)
∗6 1
− 1
2
X4 ∗6 F˜3 ∧ F˜3 − 1
2
X−2
(
∗6F˜2 ∧ F˜2 + 1
g˜2
∗6 F˜ i ∧ F˜ i
)
− A˜2 ∧
(
1
2
dA˜1 ∧ dA˜1 + 1
3
g˜A˜2 ∧ dA˜1 + 2
27
g˜2A˜2 ∧ A˜2 + 1
2g˜2
F˜ i ∧ F˜ i
)
, (3.1)
where X = e−
1
2
√
2
φ˜, and the field strengths are given in terms of the gauge potentials by
F˜3 = dA˜2, (3.2a)
F˜2 = dA˜1 +
2
3
g˜A˜2, (3.2b)
F˜ i = dA˜i +
1
2
ijkA˜
j ∧ A˜k. (3.2c)
The equations of motion corresponding to this Lagrangian are given by
d(X4 ∗6 F˜3) = −1
2
F˜2 ∧ F˜2 − 1
2g˜2
F˜ i ∧ F˜ i − 2
3
g˜X−2 ∗6 F˜2, (3.3a)
d(X−2 ∗6 F˜2) = −F˜2 ∧ F˜3, (3.3b)
D(X−2 ∗6 F˜ i) = −F˜3 ∧ F˜ i, (3.3c)
d(X−1 ∗6 dX) = 1
8
X−2
(
∗6F˜2 ∧ F˜2 + 1
g˜2
∗6 F˜ i ∧ F˜ i
)
− 1
4
X4 ∗6 F˜3 ∧ F˜3
+ g˜2
(
1
6
X−6 − 2
3
X−2 +
1
2
X2
)
∗6 1, (3.3d)
along with the Einstein equation
R˜µν = 4X
−2∂µX∂νX + g˜2
(
1
18
X−6 − 2
3
X−2 − 1
2
X2
)
gµν +
1
4
X4
(
(F˜3)
2
µν −
1
6
gµν(F˜3)
2
)
+
1
2
X−2
(
(F˜2)
2
µν −
1
8
gµν(F˜2)
2
)
+
1
2g˜2
X−2
(
(F˜ i)2µν −
1
8
gµν(F˜
i)2
)
. (3.4)
In the above, the SU(2) gauge covariant derivative D is defined by
DF˜ i = dF˜ i + ijkA˜
j ∧ F˜ k. (3.5)
This F (4) gauged supergravity theory admits a supersymmetric AdS6 vacuum with
F˜2 = F˜3 = F˜
i = 0 and X = 1 that preserves all 16 of the supersymmetries [3]. There is
also a non-supersymmetric AdS6 vacuum with X = 3−1/4. Note that to get a unit radius
AdS6, we must choose:
g˜ =
3√
2
. (3.6)
We will make this choice from here on.
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3.2 Generalized reduction ansatz
The F (4) gauged supergravity theory was obtained from a warped S4 reduction of massive
IIA supergravity in [17], and more recently from a reduction of IIB supergravity over an
S2 and a Riemann surface in [18]. In both cases, the supersymmetric AdS6 vacua uplifted
to 10D are 1/2 BPS solutions of either IIA or IIB supergravity.
We now present our main result, which is a consistent truncation of type IIB super-
gravity to 6D F (4) gauged supergravity generalizing the reduction of [17, 18]. We start
with the metric
ds2 = f26ds
2
6 + f
2
2ds
2
S˜2
+ 4ρ2dzdz¯, (3.7)
where
f26 =
c26
ρ2
κ2
√
D, f22 =
c26
9ρ2
κ2X2√D , ρ
4 =
c26
6
κ4X2
√D
G . (3.8)
The matter fields are given by
B =
(A+ − A¯−)− CˆX2/
√D
(A¯+ −A−) + ¯ˆCX2/
√D
, (3.9a)
C2 =
2ic6
9
[
Cˆ
D − 3(A¯− +A+)
]
vol(S˜2)−
√
2c6(A¯− −A+)F˜2 + 2ic6
3
(A¯− +A+)µiF˜ i,
(3.9b)
F5 = G5 + ∗G5, (3.9c)
with
G5 = c
2
6
[
iκ2X4
2
(∗6F˜3) ∧ dz ∧ dz¯ + 1
2
√
2X2
(∗6F˜2) ∧ ∗2dG − 1
6X2
(∗6F˜ i) ∧D(µiG)
]
.
(3.10)
It is also useful to give the expression for ∗G5:
∗G5 = c26
[(GX4
6D F˜3 +
√
2
36D F˜2 ∧ dG +
1
54Dµ
iF˜ i ∧ ∗2dG
)
∧ vol(S˜2)
+
iκ2
18
F˜ i ∧ ∗2Dµi ∧ dz ∧ dz¯
]
. (3.11)
Here D is defined as
D = X4 + 2
3Y , (3.12)
which generalizes (2.12) in the presence of a non-trivial scalar. Note that ds2
S˜2
and vol(S˜2)
have been used instead of ds2S2 and vol(S
2) since the SU(2) isometry of the S2 is gauged
by the A˜i fields. (See appendix A for more information.) The remaining definitions, (2.5)
through (2.8), are unchanged.
Our reduction ansatz thus provides a consistent truncation of IIB supergravity on an
S2 and warped over a Riemann surface Σ to 6D F (4) gauged supergravity. In fact, our
ansatz contains a family of such truncations — one for each pair of holomorphic functions
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A± on the Riemann surface. This fully generalizes and contains the supersymmetric AdS6
solutions of [14] discussed in section 2.2. In particular, (3.8) and (3.9a) generalize the
corresponding expressions (2.10) and (2.11a) to incorporate the scalar X, and (3.9b) and
(3.9c) generalize (2.11b) and (2.11c) to incorporate the six-dimensional gauge fields. When
X = 1 (i.e. the scalar φ˜ = 0) and the gauge fields are turned off, F˜2 = F˜3 = F˜ i = 0, this
reduction ansatz reduces as it must to that of [14].
We have explicitly checked that our ansatz (3.7)-(3.10) satisfies the 10D IIB equations
of motion (2.3) if and only if the 6D fields g˜µν , F˜2, F˜3, F˜ i and X satisfy the 6D equations
of motion (3.3) and (3.4). In particular, the IIB axi-dilaton equation of motion (2.3a) is
equivalent to the 6D scalar equation of motion (3.3d), the IIB three-form equation (2.3b) is
equivalent to (3.3a), (3.3b), (3.3c), and (3.3d), and the self-dual five-form equation (2.3c) is
equivalent to (3.3a), (3.3b), and (3.3c). Finally, the IIB Einstein equation, (2.4), is satisfied
if and only if (3.3c), (3.3d) and the 6D Einstein equation (3.4) are satisfied. For more
details of these calculations, see appendix C.
Our ansatz thus gives a family of consistent truncations of 10D IIB supergravity to 6D
F (4) gauged supergravity, in the sense that any solution of the 6D theory can be uplifted
to a family of 10D solutions using (3.7)-(3.10). We stress once more that this ansatz is
consistent for any pair of holomorphic functions A±, at least up to regularity conditions of
the AdS6 vacuum.
4 Discussion
The reduction ansatz (3.7)-(3.10) generalizes the IIB reduction of [18], corresponding to
the AdS6 background of [19], to encompass the complete family of AdS6 backgrounds of
[14]. In fact, our method for finding this generalized ansatz was to translate the specific
reduction of [18] into the language of the holomorphic functions A± of [14]. For example,
starting with the string frame metric embedding of [18]
dsˆ2 = X−
1
2 s−
1
3 ∆
1
2
[
ds26 + 2g˜
−2X2dξ2
]
+ e−2Adr2 +
r2e2A
r2 + e4A
ds2
S˜2
, (4.1)
with
eA =
1√
2g˜
s−
1
6 cX−
3
4 ∆−
1
4 , ∆ = Xc2 +X−3s2, s = sin ξ, c = cos ξ, (4.2)
we deduce the coordinate transformation on the Riemann surface Σ mapping {ξ, r} → {z, z¯}
z = z1 + iz2, z1 =
2
3
g˜2r, z2 = sin
2/3 ξ. (4.3)
This allows us to rewrite (4.1) as
dsˆ2 = X−
1
2 s−
1
3 ∆
1
2ds26 +
r2e2A
r2 + e4A
ds2
S˜2
+
9
4g˜4
e−2Adz dz¯. (4.4)
Converting to the Einstein frame and comparing with the AdS6 metric (3.7) then yields
the X-dependent metric functions (3.8), provided we identify
κ2 =
z1z2
36c26
, G = (1− z
3
2)z1
54c26
, |∂G|2 = z
2
1z
4
2 +
1
9(1− z32)2
(36c26)
2
, (4.5)
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where we have additionally set g˜ = 3/
√
2 as in (3.6).
Working backwards from (4.5), it is not too difficult to deduce the form of the holo-
morphic functions A±
A±(z) = 1
c6
(
1
216
z3 ∓ i
4
z − i
108
)
, (4.6)
along with the auxiliary function
B(z) = 1
c26
(
− i
864
z4 +
1
216
z
)
. (4.7)
Given these functions, it is then possible to work out (3.9a) as the appropriate generaliza-
tion of the IIB axi-dilaton reduction (2.11a) in the presence of a non-trivial scalar X. The
remaining expressions are then for the complex three-form G3 and self-dual five-form F5.
These take a bit more effort, but can be obtained by translating the particular ansatz of [18]
into the SU(1, 1) Einstein frame and reexpressing the result in terms of the holomorphic
functions A± and their derived quantities such as G and κ±. Finally, as it was not guaran-
teed that this construction would be a consistent truncation, it was essential to check the
IIB equations of motion and verify that they were equivalent to the F (4) gauged supergrav-
ity equations of motion — and in particular, that they did not impose any extra conditions
on the functions A±. Additional details of these checks are presented in appendix C.
4.1 Holography
Finally, we conclude with a few remarks about AdS6/CFT5 holography. From a 10D point
of view, we may use the supersymmetric AdS6 solutions of [14–16] discussed in section 2.2,
see e.g. [27–32]. These efforts have been limited to the supersymmetric AdS6 vacua as the
extension of these solutions to include non-BPS excitations were not known until now.
Alternatively, one can approach 6D/5D holography in supergravity from the 6D per-
spective; efforts using the 6D F (4) supergravity discussed in section 3.1 include [33–44].
The 6D supergravity is then the effective theory that describes (a consistent truncation of
the set of) excitations around the AdS6 vacuum. However, without an understanding of
the uplift of these 6D solutions to 10D, a microscopic understanding of the CFT described
by the AdS6 vacuum and its excitations was lacking.
Our reduction ansatz (3.7)-(3.10) provides a key link between the 10D and 6D ap-
proaches above. In the 10D approach, it provides a way to include (non-BPS) excitations
to the family of AdS6 vacua. From the 6D perspective, it gives a way to understand the
microscopic dual 5D CFT through the brane picture obtained by the 10D uplift of the 6D
solutions. For example, the fact that our uplift is independent of the choice of holomorphic
functions A± shows that it is perhaps not particularly surprising that the massive spin-2
excitations around the supersymmetric AdS6 vacua found in [31] are universally present for
any A±.
It would be interesting to extend the ansatz (3.7)-(3.10) further to include more fields in
the truncation from 10D. For example, one could consider coupling vector multiplets to the
6D F (4) theory; such an ansatz would then provide a 10D uplift of the 6D Janus solutions
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found in [42], which should correspond to mass deformations of the dual 5D SCFTs. It is
not obvious, however, whether the consistent truncation obtained here can be generalized
to include the addition of matter multiplets, as non-linear Kaluza-Klein consistency often
requires a delicate balance between internal harmonics unless a symmetry argument can be
made [45, 46], which does not appear to be the case for the Janus solutions. A possibly
more fruitful approach would be to consider instead gauge fields that arise from D3-branes
wrapping 3-cycles [29], as they are not subject to the standard constraints of Kaluza-Klein
consistency.
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A Conventions
For 10D indices, we use K,L,M, . . ., and for 6D indices we use µ, ν, ρ, . . .. We work in
both six and ten dimensions with a mostly plus signature. In particular, the F (4) gauged
supergravity Lagrangian given in (3.1) has been converted from the original mostly minus
signature of [3].
The complex coordinates on the 2D Riemann surface Σ are z, z¯. With respect to these
coordinates, we define:
∗2 dz = idz. (A.1)
On the two-sphere S2, we can use (three) constrained coordinates µi which satisfy∑3
i=1 µ
iµi = 1. The metric and the volume form on the S2 are then:
ds2S2 =
3∑
i=1
dµidµi, vol(S2) =
1
2
ijkµ
idµj ∧ dµk, (A.2)
respectively. The SU(2) gauge-covariant derivative D is defined by:
DF˜ i = dF˜ i + ijkA˜
j ∧ F˜ k. (A.3)
The natural metric and the volume form on the S2 when the SU(2) isometries are gauged
by the F˜ i gauge fields are then:
ds2
S˜2
=
3∑
i=1
DµiDµi, vol(S˜2) =
1
2
ijkµ
iDµj ∧Dµk, (A.4)
respectively. We also define:
∗2 Dµi = ijkµjDµk. (A.5)
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Even though the same symbol ∗2 is used for Hodge duality on the S2 and Σ, it should
be clear which is meant by the context it is used in. Note that an explicit form of the µi
coordinates could be:
µ1 = sin θ sinφ, µ2 = sin θ cosφ, µ3 = − cos θ, (A.6a)
so that the ungauged metric is the usual ds2S2 = dθ
2 + sin2 θdφ2.
Our conventions for Hodge duality are given by:
∗ (dxµ1 ∧ · · · ∧ dxµr) =
√|g|
(D − r)!ν1···νD−r
µ1···µrdxν1 ∧ · · · ∧ dxνD−r , (A.7)
where D is the dimension. The relation between 10D and 6D Hodge duality is given by

(10D)
µ1···µ6αβij = 
(6D)
µ1···µ6αβij = 1, (A.8)
where α, β are orthonormal coordinates for the S˜2 and i, j are real coordinates on Σ. The
orientation on S˜2 and Σ are given by (A.5) and (A.1), respectively.
B Mapping between different 10D IIB conventions
Type IIB supergravity in 10D is often formulated in terms of the (real) axion Cˆ0 with field
strength Fˆ1 = dCˆ0, dilaton φˆ; the RR and NSNS three-form field strengths Fˆ3 and Hˆ32.
The Bianchi identities of these fields are:
0 = dFˆ1, (B.1a)
0 = dFˆ3 − Hˆ3 ∧ Fˆ1, (B.1b)
0 = dHˆ3, (B.1c)
of which the last two are automatically satisfied when we introduce the (real) two-form
gauge potentials Cˆ2 and Bˆ2 as:
Fˆ3 = dCˆ2 − Hˆ3Cˆ0, (B.2a)
Hˆ3 = dBˆ2. (B.2b)
The map between the complex fields B, C2 used in section 2 and the real fields Cˆ0, φˆ, Cˆ2,
Bˆ2 is:
B =
1 + iτ
1− iτ , τ = Cˆ0 + ie
−φˆ, (B.3a)
C2 = Bˆ2 + iCˆ2. (B.3b)
The string frame metric gˆMN is related to the Einstein frame metric (used in section 2) as:
gˆMN = e
φˆ/2 gMN . (B.4)
2We use hats to denote string frame fields, while un-hatted fields denote Einstein frame fields as used in
section 2.
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The equations of motion for the real 10D fields in string frame (including the self-dual
five-form F53) are then given by (with ∗ˆ denoting the string frame Hodge dual):
0 = d(e−2φˆ∗ˆHˆ3)− Fˆ1 ∧ ∗ˆFˆ3 − 4Fˆ3 ∧ ∗ˆF5, (B.5a)
0 = d∗ˆFˆ1 + Hˆ3 ∧ ∗ˆFˆ3, (B.5b)
0 = d∗ˆFˆ3 + 4Hˆ3 ∧ ∗ˆF5, (B.5c)
0 = Rˆ+ 4∇ˆ2φˆ− 4(∂φˆ)2 − 1
12
(Hˆ3)
2, (B.5d)
0 = RˆMN + 2∇ˆM∇ˆN φˆ− 1
4
(Hˆ3)
2
MN
− e2φˆ
[
1
2
(Fˆ1)
2
MN +
1
4
(Fˆ3)
2
MN +
1
6
(F5)
2
MN −
1
4
gˆMN (Fˆ
2
1 +
1
6
Fˆ 23 )
]
, (B.5e)
0 = dF5 − 1
4
Hˆ3 ∧ Fˆ3, (B.5f)
with the obvious notation of e.g.:
(Hˆ3)
2
MN = (Hˆ3)
KL
M (Hˆ3)NKL. (B.6)
C Checking the 10D EOMs
We have verified that the 10D equations of motion (2.3) and (2.4) on the general reduction
ansatz (3.7)-(3.10) are equivalent to the 6D equations of motion (3.3) and (3.4). Here we
give some details of this tedious but straightforward calculation.
The basic strategy is to write the forms (and their wedge products, Hodge duals, and
exterior derivatives) as much as possible in terms of the derived quantities dG, d(G/Y) and
their 2D Hodge duals on the Riemann surface ∗2dG, ∗2d(G/Y). Then, we can use some
simple identities that are valid on the Riemann surface, such as:
d ∗2 dG = 2iκ2dz ∧ dz¯, (C.1a)
dG ∧ ∗2dG = −2iκ2 GY dz ∧ dz¯, (C.1b)(G
Y
)
d ∗2 d
(G
Y
)
= 3dG ∧ ∗2dG + 4dG ∧ ∗2d
(G
Y
)
+ 2d
(G
Y
)
∧ ∗2d
(G
Y
)
. (C.1c)
One also needs to utilize a number of identities that the coordinates µi on the S2 satisfy
together with the gauge fields F˜ i, such as:
dvol(S˜2) = d(µiF˜ i) = F˜ i ∧Dµi, (C.2a)
Dµi ∧ vol(S˜2) = 0, (C.2b)
ijkDµ
j ∧Dµk = 2µivol(S˜2), (C.2c)
d(F˜ i ∧ ∗2Dµi) = 2µiF˜ i ∧ vol(S˜2) + F˜ i ∧ F˜ i − µiF˜ i ∧ µjF˜ j . (C.2d)
3Often a different normalization for F5 is used, e.g. Fˆ5 = 4F5 in [18].
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The IIB five-form and metric are given directly in (3.9c), (3.10), (3.7) and (3.8). For the
remaining fields P , Q and G3, we first note that the IIB equations of motion are invariant
under the U(1) transformation:
P → e2iθP, Q→ Q+ dθ, G3 → eiθG3, . (C.3)
Inserting the expressions (3.9a) and (3.9b) for B and C2 into the expressions (2.2), and
furthermore performing a U(1) transformation with phase
eiθ =
(A+ − A¯−) + CˆX2/
√
D
|(A+ − A¯−) + CˆX2/
√
D| , (C.4)
then gives
P =− 2
3YD
dX
X
+
Y√D
2GX2
[
i ∗2 J − X
2
√DK
]
, (C.5a)
Q =
Y√D
2GX2 ∗2 L, (C.5b)
G3 =
(
Y√D
GX2
) 1
2 [(
−8ic6GX
3
9YD2 dX +
c6
3
(
iM+ X
2
√D ∗2 N
))
∧ vol(S˜2)
+ 2c6
GX2
Y√D F˜3 −
c6√
2
F˜2 ∧
(
i ∗2 dG + X
2
√DdG
)
+
c6
3
(
2i
3
G
YD F˜
i ∧Dµi + µiF˜ i ∧
(
idG − X
2
√D ∗2 dG
))]
, (C.5c)
where we have defined the shorthand one-forms J , K, L,M, N as:
J =
(
1− 1YD
)
dG +
(
1− 2
3YD
)
d
(G
Y
)
, (C.6a)
K =
(
1 +
1
3Y2D
)
dG +
(
1− 1
3YD
)
d
(G
Y
)
, (C.6b)
L =
(
2− 1YD
)
dG +
(
1− 2
3YD
)
d
(G
Y
)
, (C.6c)
M =
(
4
9Y2D2 +
1
3D − 1
)
dG + 2
3D
(
1− 2
3YD
)
d
(G
Y
)
, (C.6d)
N =
(
1 +
1
D
)
dG + 2
3Dd
(G
Y
)
. (C.6e)
Now it is just a matter of using the above expressions to check the IIB equations of
motion. For example, using the expressions (C.5) in the axi-dilaton equation of motion,
(2.3a), gives
0 =− 8ic
4
6κ
2G
9YD
[
d(X−1 ∗6 dX)− 1
4
X4
(
F˜3 ∧ ∗6F˜3
)
− 1
8
X−2
(
F˜2 ∧ ∗6F˜2 + 2
9
F˜ i ∧ ∗6F˜ i
)
− 9
2
(
1
6
X−6 − 2
3
X−2 +
1
2
X2
)
(∗61)
]
∧ vol(S˜2) ∧ dz ∧ dz¯, (C.7)
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which is equivalent to the 6D scalar equation of motion (3.3d). The other equations of
motion for the form-fields (2.3b) and (2.3c) proceed similarly (although they are more
involved).
Finally, the Einstein equations are perhaps the most tedious of all to check. In the end,
the (µν) components of the 10D Einstein equations reduce to the 6D Einstein equations
(3.4) and scalar equation (3.3d) of motion. The (zz¯) component of the Einstein equations
reduces to the scalar equation (3.3d), as do the components with both legs on the S2.
Finally, the components with one leg in the 6D manifold and one leg on the S2 reduces
to the equation of motion (3.3c) for the SU(2) gauge field. (All other components of the
Einstein equations reduce to identities.)
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